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A theoretical study has been performed on the electrophoretic mobility of a large colloidal particle with a surface charge layer as a
model for biological cells. An approximate mobility expression is derived which is applicable to the general case of an arbitrary
distribution of membrane-fixed charges. This expression consists of two terms: the first is a weighted average of potentials over the
surface charge layer, while the second is that of the volume density of membrane-fixed charges and does not depend on the
electrolyte concentration. At high electrolyte concentrations (corresponding to physiological conditions), where the potentials are very
low owing to the shielding effects of electrolytes, the first term diminishes so that the mobility is determined mainly by the second
term. This means that a particle with zero surface potential can exhibit a non-zero mobility, in contrast to the prediction from the
classical Smoluchowski theory. Comparison is also made with the theory of Hermans and Fujita for the electrophoresis of

polyelectrolytes.

1. Introduction

The measurement of the electrophoretic mobil-
ity of biological cells provides us with information
on the electric properties of the cell surface. Usu-
ally the mobility is converted to the zeta potential
of cells via the Smoluchowski equation. This equa-
tion, however, holds for ion-impenetrable solid
surfaces and thus should not be applied to biologi-
cal cells, whose surfaces are normally covered by
ion-penetrable layers composed of charged poly-
mers. Several theoretical studies [1-7] have been
carried out on the electrophoresis of colloidal par-
ticles with structured surfaces as a model for cells.
Ohshima and Kondo {7], in particular, have de-
rived an approximate mobility expression for par-
ticles with surface layers in which fixed charges
are uniformly distributed. This expression consists
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of two terms: the first is a weighted average of the
surface potential and the Donnan potential, and
the second is directly related to the membrane-
fixed charges and is not subject to shielding effects
of electrolyte ions. In the present paper, we shall
demonstrate that a similar result generally holds
for colloidal particles with an arbitrary distribu-
tion of membrane-fixed charges and that under
physiological conditions the mobility is de-
termined mainly by the term independent of the
ionic shielding effects. This behavior at high elec-
trolyte concentrations is also predicted in the the-
ories of the electrophoresis of polyelectrolytes [8—
10]. We shall compare our theory particularly with
the theory of Hermans and Fujita [9].

2. Basic equations

Consider a colloidal particle moving with veloc-
ity U in a liquid containing a symmetrical electro--
lyte of valency v and bulk concentration » in an
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Fig. 1. Schematic representation of the ion-penetrable surface
layer of thickness d. composed of negatively charged polymers
(represented by large circles with minus sign). Mobile electro-
lyte ions are represented by small circles with + or — signs.
The slipping plane is located at x = —d (0 = d; < d,).

applied field E. The particle is covered with a
surface charge layer of thickness d, composed of
charged polymers. The particle radius is much
larger than 1/k (k, Debye-Hiickel parameter) so
that the particle surface can be assumed to be
planar and the applied field E to be parallel to
the surface. We take an x-axis to be perpendicular
to the surface with its origin at the boundary
between the surface charge layer and the sur-
rounding solution (fig. 1). In the surface charge
layer, membrane fixed charges are distributed at a
density of pg,(x). We assume that the slipping
plane, at which the liquid velocity relative to the
particle is zero, is located at x = —d, inside the
surface charge layer (0 £d,<d,).

The electric potential ¢(x) at position x rela-
tive to the bulk solution phase, where (x) is set
equal to zero, is related to the space charge density
p(x) at the same point by the Poisson equation:

%y _ p(x)
dx? €£g (1)

where ¢, is the relative permittivity of the solution
and ¢, the permittivity of a vacuum. We assume a
Boltzmann distribution for electrolyte ions. Then,
the concentrations of cations, n,(x), and anions,
n_(x), are given by

n,(x)=nexp{(Frey/kT), (2)
where e is the elementary electric charge, & Boltz-
mann’s constant and 7 the absolute temperature.
The space charge density resulting from electro-
Iyte ions, p,(x), is expressed as
pa(x)=ve[n,(x) —n_(x)]

= —2nve sinh(vey (x)/kT). 3)
For the region x > 0, p(x) is given only by p,(x),

p(x)=pa(x), x>0, (4)

while for —d,<x <0, p(x) is given by the sum
of Pel(x) and pfix(x)’ ViZ.,

p(x) = p,(x) + p(x),

Combining eqs 1 and 3-5, we obtain the following
Poisson-Boltzmann equations for {(x):

—d, <x<0. (5)

dz\p pel(x)
= ¥ = = 7 6
dx? €£9 (©)
2nve . | vey
= e_rEO_SIHh—}T , x>0, (621)
dzlp LX) + pri(X)
2y A7 P/ 7
dx? €£p )
_ 2nve sinhy—i\k - ——-pﬁ"(x) , —d_<x<0,
€£9 kT €£q N
(7a)
The boundary conditions are
¥(-0)=4(+0), (8)
dy _dy
23 3 M ©)
dy
T xsfdc=0.‘ (10)

Eqs 8 and 9 are the continuity conditions of ¥
and of dy/dx at x =0. In eq. 10 the contribution
from the electric field within the particle core has
been ignored.
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The flow velocity of the surrounding liquid
(relative to the particle), which we denote by u(x),
is parallel to the particle surface. The Navier-
Stokes equations for u(x) are then

d2
d2
2

d u
ndx2 _Yu+pcl(x)E=09

+pu(x)E=0, x>0, (11)

—d,<x<0, (12)

where 7 is the viscosity and y the frictional coeffi-
cient of the surface charge layer. The term —vy u
arises from the drag force exerted by the polymer
segments in the surface charge layer upon the
liquid. Terms due to a pressure gradient do not
appear in eqs 11 and 12, since the particle surface
is assumed to be an infinitely large planar surface
so that the pressure has the same value in the
direction parallel to the particle surface. The
boundary conditions for u(x) are

u(~d,) =0, (13)
u(—0)=u(+0), (14)
% x= 0= % x=+0, (15)
U553 U (16)

Eq. 13 expresses the situation where the slip-
ping plane is located at x = —d,. Eqs 14 and 15
are the continuity conditions of u(x) and of du/
dx at x = 0. Eq. 16 states that the liquid velocity
in the bulk solution phase relative to the particle is
equal to the electrophoretic velocity with its sign
altered. By replacing p,(x) with —e,e,d*y/dx? in
eq. 11 and with —e e, d%)/dx? — py(x) in eq. 12,
with the help of eqs 6 and 7, one can integrate eqs
11 and 12 to obtain

u(x>=“‘° v(x)-U, x>0, (17)

—d
u(x) = “E05 [xp( )= i,(sh 7\3)5 cosh Ax

A 0
‘{m[_d¢(x) cosh Ax dx}

xsinh A(x + d,)

-i-?\f)‘r Y(x")sinh A(x—x") dx’J
_d5

E x N ’ ’
+ n—x[fd‘pﬁx(x ) sinh A(x —x") dx

0
- (j Prix(x) cosh Ax dx)
_dx
sinh A(x +d,)

cosh A d, ’

—d,<x<0, (18)
where

= (v/n)'""* (19)

Using eq. 17, the electrophoretic mobility u can
be expressed as

U
h=F

_u(0) c,(o
E

il

¥(0), (20)

Evaluating #(0) via eq. 18 and substituting the
result into eq. 20, we obtain the following general
formula for the electrophoretic mobility:

€& 1
n cosh Ad,

% [4}(—d5) + A-/—Od.\b(x) sinh A(x +d,) dx]

+ 1 1
7\ cosh A d,

Xfodpﬁx(x) sinh A(x + d.) dx. (21)

3. Results and discussion

We have derived a general mobility formula,
eq. 21, for a large colloidal particle with a surface
charge layer as a model for biological cells. For
typical cells such as human erythrocytes, 4,
amounts to 50-100 A and 1 /A is estimated to be
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of the order of 10 A [7]. For such cases, i.e., when
the condition Ad > 1 is fulfilled, eq. 21 reduces to

= ’°[¢( )+ = "fgf‘)], (22)
where
f(x)= }\f f(x)eM dx (23)

1s a weighted average of f(x) over the surface
charge layer (the lower limit of the integration,
—d,, has been replaced by — oo with negligible
error). Further simplification can be made for the
special case of uniform fixed-charge distribution
within the surface charge layer, by employing an
approximate form of the solution to the Poisson-
Boltzmann equation (eq. 7a). We assume that

wix) (mV)

ﬂ Surface charge layer
Slipping plane

: Solution

Fig. 2. The potential distribution v (x) across the uniformly

charged surface layer for several values of », calculated with

v=1z=-1, N=0015M, d,=d,=100 A, ¢,=78.5 and

T=298 K. Curves: (1) n=02M; (2) n=0.1 M; (3) n=0.05

M; (4) n=0.02 M; (5) n=0.01 M. The density N of charged

groups is given in units of M so that & and n have the same
unit.

charged groups of valency z are distributed at a
uniform density N, viz.,

Prin = 2eN. (24)

In this case, if d. = 1/k (x is defined later in eq.
29), then the potential far inside the surface charge
layer is in practice equal to the Donnan potential
and the potential varies nearly exponentially not
only outside but also inside the surface charge
layer, as demonstrated in the examples given in
fig. 2 (which are calculated via eqs 6a and 7a). The
potential distribution inside the surface charge
layer is thus approximated by [5-7]
¥(x) =¥pon + [¥o — ¥pon] exp(kpx),
—d,<x<0, (25)

with
Ypon = k—: arcsmh(z—N)
1/2
kT | zN ZN !
;Elnl:zvn-f-{(m) +1} ] (26)

vey
Yo =¥pon ~ kT"a h( ZkDY?N )

kT ln[%+{(%)z+l}‘”]
() ) )l e

m =& cosh?(vey pon/kT)

= x[1+ (zN/20n)] ", (28)

& (29)

k= (2mv’e’ /e £okT)
where Yoy represents the Donnan potential of
the surface charge layer, ¢, = ¢(0) is the potential
at x =0, which we call the surface potential, «
denotes the Debye-Hiickel parameter and «,, is
the effective Debye-Hiickel parameter of the
surface charge layer. For biological cells, d. = 50-
100 A and 1/k (i.e., the thickness of the double
layer formed out51de and inside the surface charge
layer) amounts to 10 A under physiological condi-
tions so that the condition d = 1/k is satisfied.
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Note that the potential distribution (eq. 25) does
not depend on d, or d.. Substituting this result
into eq. 22 yields

_ %o Yo/ km + ¥pon/N | zeN
N VRS ) S e (30)

a result previously obtained [7]. In the himit of
very large frictional constant y (or, 1/A — 0), the
slipping plane coincides with x =0 so that i,
becomes equal to the zeta potential and eq. 30
reduces to the well-known Smoluchowski mobility
formula for a solid colloidal particle [11],

="y (31)

The mobility formulas (egs 22 and 30) consist
of two terms: the first is a weighted average of
potentials y (x) over the surface charge layer and
the second is that of the membrane-fixed charges
Pix(Xx). In eq. 30, in particular, the first term is a
weighted average of the Donnan potential and the
surface potential. It should be stressed that only
the first term is subject to the shielding effects of
electrolytes, tending to zero as the electrolyte con-
centration increases, while the second term does
not depend on the electrolyte concentration ». In
the limit of high electrolyte concentration, all the
potentials vanish and only the second term of the
mobility expression remains, viz.,

== ) (32)

Note that the Smoluchowski formula (eq. 31) does
not have this term and tends to zero in the limit of
high electrolyte concentration. Also, it should be
borne in mind that the mobility formulas, eqs 22
and 30, do not depend on the value of d,. This
means that the mobility of particles with struc-
tured surfaces is insensitive to the precise position
of the slipping plane. In other words, for such
cases, the zeta potential loses its meaning,

Consider the case of uniform fixed-charge dis-
tribution, i.e., pg,(x) = zeN in more detail. In this
case, we have

zeN  zeN
= =—. 33
R (33)
This term can be interpreted as resulting from the
balance between the electric force acting on the
membrane fixed charges (zeNE) and the frictional
forces (yu), viz.,

yu+ zeNE=0. (34)

Indeed, in the middle region of the surface charge
layer where d2u/dx? = 0, at complete shielding of
electrolytes the Navie-Stokes equation (eq. 12) re-
duces to eq. 34, since diy/dx?=0 and p,(x)+
zeN = 0 (which is the electroneutrality condition).
In order to establish the magnitude of the contri-
bution of p_,, we consider the velocity distribution
u(x) of liquid flow across the surface charge layer.
For the case where the fixed-charge distribution is
uniform and A d. = A d, = 1, the velocity distribu-
tion u(x) (eq. 18) can be approximated by

E
u(x) = €,€1;; (IPO—‘I’DON)
x Kfn—Az
+ zeNzE [exp(—)\(x +d,)) - 1] ,
pX
—-d,<x<0. (35)

Examples of u(x) calculated via eq. 35 (for —d,
< x <0) and eq. 17 (for x > 0) at several values of
the electrolyte concentration n are plotted in fig. 3
(curves with the same number in figs 2 and 3
correspond to the same condition), showing large
contribution from p . In the middle region of the
surface charge layer, all the terms that decay as
exp(k,x), exp(Ax) or exp(—A(x + d,)) with de-
cay constants 1/k,, or 1/\ vanish so that

u(x) = -——n—= —uE. (36)

It is this term that yields the term independent of
the electrolyte concentration. We also see from eq.
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ulx)/E (ums’ Vem)
100 50 0 50, x (A)

T T Vv T T T T T TR T T

-1.5
/ Surface charge layer

Stipping plane

Solution

Fig. 3. The velocity distribution of liquid flow u(x) across the
uniformly charged surface layer for several values of n, calcu-
lated with v =1, z=—1, N=0.015 M, d_=d, =100 A, 1/A
—20A 1=0891%10"3 Nm2s, ¢ =785 and T=298 K.
Curves: (1) n=02 M; (2) n=01 M; (3) n=0.05 M; (4)
n=0.02 M; (5) n=0.01 M. The value of — u(+c0)/E gives
the mobility u. The dashed line indicates the contribution from
the term independent of the electrolyte concentration, p...

35 that 1/A can be interpreted as the distance
between the slipping plane and the bulk mem-
brane phase where u{x) is given by eq. 36.

It can be shown from eqs 26~28 that at low N,
Yo and yYpey both become proportional to N,
viz.,

kT zN

¥oon =2¥0= 2 7pn> (37)

and

K, =K, (38)

m

so that eq. 30 becomes

zeN A1+ A 26
Zw[l (z) T+ J (39)
This approximation will be valid for biological
cells, because as will be seen later, if the mobility
of cells is analyzed with the present theory, the
predicted surface potential of cells turns out to be
considerably lower than that expected via
Smoluchowski’s theory. In this case, the ratio of
the contribution of p, to the total mobility u
becomes a simple function of only A/k, viz.,

o _ 1+ (A/xk) . (40)
B 14+ (M) + (A/k) + (A/x)’ 2

The ratio p,/p is plotted in fig. 4 as a function of
the electrolyte concentration » for several values
of 1/\. We observe that at high electrolyte con-
centrations, corresponding to usual physiological
conditions, this ratio is very high. That is, the
mobility is determined mainly by p. This term
arises from the liquid flow inside the surface charge

Ha /U

p)
0 .

0. '
n (M) 02
Fig. 4. The ratio of p, to the total mobility p as a function of
n for several values of 1/A at low N, calculated with v=1,
e, =785and T=298 K. Curves: (1) 1/A=50A;(2)1/A =20
AMI/A=10A#1/A=5A;(5)1/A=2A.
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layer, i.e,, an electrophoresis mechanism that is
not considered in Smoluchowski’s theory. In
Smoluchowski’s theory it is the surface potential
(to be exact, the zeta potential, i.e., the potential
at the slipping plane) that results in the electro-
phoretic motion of colloidal particles. This means
that in Smoluchowski’s theory, particles with zero
surface potentials cannot move in an external elec-
tric field. Our theory, on the other hand, predicts
non-zero mobilities even if the surface potential is
zero (of course, pg, (x)# 0 (or N # 0) is required
for non-zero mobilities).

The existence of a non-vanishing part in the
mobility at high electrolyte concentrations is the
most remarkable difference between Smoluchow-
ski’s theory and our results. Measurements of the
electrophoretic mobility of human erythrocytes
[12] show that the mobility tends to a non-zero
value at high electrolyte concentration. This value
should correspond to p ., in our theory. The ob-
servation of non-zero mobilities cannot be ex-
plained by the classical Smoluchowski theory. This
implies that the motion of human erythrocytes in
an electric field follows the electrophoresis mecha-
nism that we have proposed. For example, in our
theory at =01 M, N=001 M, 1/A =20 A,
¢, =785 and T'=298 K, in spite of the fact that
the surface potential i, is —1 mV (curve 2 in fig.
3), the mobility p amounts to —0.78 pum s™' V7!
cm. With Smoluchowski’s formula, on the other
hand, this mobility value is converted to the surface
potential (or zeta potential) of approx. —10 mV.
That is, Smoluchowski’s formula would yield a
considerable overestimate of the surface potential.
We would like to suggest that in order to analyze
the mobility data of cells with structured surfaces,
the mobility formula, eq. 21, or its approximate
forms (eqgs 22, 30, and 39) should be employed,
instead of Smoluchowski’s formula. An analysis of
the mobility data of human erythrocytes on the
basis of eq. 30 has recently been reported [12].

Finally, it should be mentioned that the non-
zero mobility at high electrolyte concentrations
has also been predicted in the theories {8-10] of
the electrophoresis of a charged porous sphere as
a model for polyelectrolytes, which is a system
similar to that considered in the present paper. In

particular, a mobility formula derived by Hermans
and Fujita [9] on the basis of the linearized form
of the Poisson-Boltzmann equation reads in our
notation

_ zeN 272V 1+ A2
“‘W[“é(;) mn‘] (41)

which is almost identical with our approximate
formula, eq. 39, yielding the same limiting form at
high electrolyte concentrations (eq. 33). This im-
plies that charged porous spheres and planar col-
loidal particles covered with surface charge layers
exhibit the same behaviour at high electrolyte
concentrations. Note, however, that in the limit of
very high frictional coefficient of polymer seg-
ments (A — o), eqs 41 and 39 show different
behavior. Namely, by identifying (kT ve) -
(zN/4vn) as ¢, (via. eq. 37), we see that in the
limit A — oc, eq. 41 reduces to Hiickel's formula
[13], which is applicable for small solid particles
with thick electrical double layers or for particles
having the same conductivity as the surrounding
liquid, viz.,

2eg
b= 3770#/0' (42)

On the other hand, eq. 39 at the same lLimit
becomes Smoluchowski’s formula (eq. 31), which
is applicable for large solid particles with thin
electrical double layers. This discrepancy by a
factor of 2/3 can be explained as follows. The
theories of the electrophoresis of polyelectrolytes
[8~-10], dealing with a porous sphere, assume that
the applied clectric field is not perturbed by the
sphere, as in Huckel’s theory. On the other hand,
in the present theory for a planar particle with a
surface charge layer, the deformation of the ap-
plied field by the presence of the particle is im-
plicitly taken into account by setting the applied
electric field to be parallel to the particle surface,
as in Smoluchowski’s theory [11]. Therefore, by
taking account fully of the deformation of the
applied field by the presence of the particle, in
other words, by taking proper account of the
effects of the finite particle size, one would obtain
the general mobility formula that yields both for-
mulas (eqs 41 and 39) at different limits, as has
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been demonstrated for the case of the electro-
phoresis of solid colloidal particles [14,15]. Since,
however, the dimension of biological cells is much
larger than the double layer thickness 1/k (= 10
A under physiological conditions), the finite-size
corrections to the present theory should be small.
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